Division of the momentum of electromagnetic waves in linear media into 

electromagnetic and material parts 
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It is proposed a natural and consistent division of the momentum of electromagnetic waves in 
linear, non-dispersive and non- absorptive dielectric and magnetic media into material and elec- 
tromagnetic parts. The material part is calculated using directly the Lorentz force law and the 
electromagnetic momentum density has the form eoE x B, without an explicit dependence on the 
properties of the media. The consistency of the treatment is verified through the obtention of a 
correct momentum balance equation in many examples and showing the compatibility of the divi- 
sion with the Einstein's theory of relativity by the use of a gedanken experiment. An experimental 
prediction for the radiation pressure on mirrors immersed in linear dielectric and magnetic media is 
also made. 

PACS numbers: 03.50.De, 41.20.Jb 



I. INTRODUCTION 

There has been an extensive debate about the correct 
expression for the momentum density of electromagnetic 
waves in linear media. The Minkowski's expression D x B 
and the Abraham's E x H/c 2 are the most famous ones, 
both proposed in the beginning of the twentieth century 
[l[. In these expressions, E is the electric field, B is the 
magnetic field, D = eoE + P is the electric displace- 
ment field and H is defined as H = B//io — M, where 
P and M are the electric and magnetic dipole densities 
of the medium, eo is the permittivity of free space, /xo 
is the permeability of free space and c = 1/ ^/So^o is the 
speed of light in vacuum. These expressions make qual- 
itatively different predictions for the momentum of light 
in a medium. The Minkowski formulation predicts that a 
photon with momentum hw/c in vacuum increases its mo- 
mentum to nhu> /c, where n is the refraction index of the 
medium, on entering a dielectric medium. The Abraham 
expression, however, states that the photon momentum 
decreases to hiu/nc on entering the medium. 

The debate of which form is the correct one persisted 
for many decades, with experiments and theoretical dis- 
cussions, from time to time, seeming to favor either one 
of the two formulations. Arguments that sometimes are 
naively used in favor of the Minkowski formulation are 
the experiments of Jones et al. 2, 3| that measured the 
radiation pressure on mirrors immersed in dielectric me- 
dia, the experiments of Ashkin and Dziedzic Q that mea- 
sured the radiation pressure on the free surface of a liquid 
dielectric, the experiments of Gibson et al. [j| that mea- 
sured the radiation pressure on the charges of a semicon- 
ductor via the photon drag effect and the experiments 
of Campbell et al. Q that measured the recoil momen- 
tum of atoms in a gas after absorbing one photon. All 
these experiments are consistent with the consideration 



that a photon in a medium has momentum nhui/c. Ar- 
guments that sometimes are naively used in favor of the 
Abraham formulation are the symmetry of its energy- 
momentum tensor, compatible with conservation of an- 
gular momentum, the agreement of its electromagnetic 
momentum density with the predictions of Einstein box 
theories B-B in a direct way, the experiments of Walker 
et al. [10|, [H| that measured the torque on a dielectric 
disk suspended in a torsion fiber subjected to external 
magnetic and electric fields and the experiments of She 
et al. [l2[ that measured a push force on the end face 
of a silica filament when a light pulse exits it. These 
experiments are consistent with the Abraham form for 
the momentum density of an electromagnetic wave in a 
dielectric medium. 

Although the debate is still supported by some re- 
searchers, Penfield and Haus showed, more than forty 
years ago, that neither of the forms is completely correct 
on its own 13]. The electromagnetic momentum of elec- 
tromagnetic waves in linear media is always accompanied 
by a material momentum, and when the material coun- 
terpart is taken into account, both the Minkowski and 
Abraham forms for the electromagnetic momentum den- 
sity yield the same experimental predictions. They are 
simply two different ways, among many others, to divide 
the total momentum density. A revision of this discus- 
sion and the eventual conclusion can be found in Ref. 
[J. In fact, the experimental results of Jones et al. were 



reproduced by Gordon 14] and Loudon [15| using the 
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Abraham form for the electromagnetic momentum den- 
sity and calculating the material momentum by means 
of the Lorentz force. Gordon also reproduced the results 
of Ashkin and Dziedzic by the same way [l4|. Loudon 
et al. [16] showed that the experiments of Gibson et al. 
can also be explained with both formulations. And Leon- 
hardt [TtJ showed that the experiments of Campbell et 
al. can also be explained by the use of the Abraham form 
for the momentum density and a redefinition of the me- 
chanical momentum. On the other side, Israel [l8| has 
derived the experimental results of Walker et al. using 
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the Minkowski formulation with a suitable combination 
of electromagnetic and material energy-momentum ten- 
sors and the conclusions of the experiments of She et al. 
were recently questioned [l9l - [2"lj |. 

What happens is that for each experimental situation 
one formulation can predict the behavior of the system 
in a simpler way, but the Minkowski, Abraham and other 
proposed formulations are always equivalent. In a recent 
article, Pfeifer et al. show the conditions in which we 
can neglect the material counterpart of the Minkowski 
energy-momentum tensor [22| . justifying why it is possi- 
ble to predict the behavior of the experiments of Jones 
et al. and the modeling of optical tweezers only with the 
electromagnetic tensor in the Minkowski formulation. To 
summarize, I quote Ref. pj: "(...) no electromagnetic 
wave energy-momentum tensor is complete on its own. 
When the appropriate accompanying energy-momentum 
tensor for the material medium is also considered, exper- 
imental predictions of all various proposed tensors will 
always be the same, and the preferred form is therefore 
effectively a matter of personal choice." 

But we can ask if there is, among all possible ways 
to divide the total momentum density of an electromag- 
netic wave in a medium into electromagnetic and mate- 
rial parts, a natural one. I believe there is. E and B are 
the fields that appear in the Lorentz force law and ac- 
tually interact with electric charges. They are the fields 
that can transfer momentum to matter. So, in my point 
of view, they must be the fields that may carry electro- 
magnetic momentum. D and H should be seen as aver- 
aged quantities of material and electromagnetic proper- 
ties, used to simplify the calculations. In this sense, it 
seems natural that the electromagnetic part of the mo- 
mentum density of an electromagnetic wave in a medium 
has the form p c . m . = £oE x B, which does not have an ex- 
plicit dependence on the properties of the medium. The 
material part of the momentum should be calculated as 
the momentum acquired by the medium by the action 
of the Lorentz force on the charges of the medium. An 
electromagnetic energy-momentum tensor that has these 
characteristics was previously proposed by Obukhov and 
Hehl [23[ . Here I show the validity of this division of the 
momentum density in a series of examples. The form 
£oE x B for the electromagnetic momentum density is 
equivalent to the Abraham one in non-magnetic media. 
As in all cited experiments the media under consideration 
were non-magnetic, there is no difference between the 
treatment with this momentum density and the Abra- 
ham one. Only in magnetic media the differences will 
appear. 

Gordon [ljj], Loudon PUSH and Mansuripur [H| cal- 
culated the material momentum density of electromag- 
netic waves in linear non-dispersive dielectrics using di- 
rectly the Lorentz force law. Scalora et al. [26| used 
numerical simulations to calculate, also by the Lorentz 
force law, the momentum transfer to more general dis- 
persive media. Recently, Hinds and Barnett [271 ] used the 
Lorentz force to calculate the momentum transfer to a 



single atom. Here, following this method in an analytical 
treatment, I show that it may exist permanent transfers 
of momentum to the media due to the passage of elec- 
tromagnetic pulses that were not considered before. I 
also generalize the previous treatments considering mag- 
netic media. Mansuripur has treated magnetic materials 
in another work [28j ], but the force equation, results and 
conclusions of this work are different from his. I believe 
that my treatment is more adequate. If this method of 
using the Lorentz force is adopted to calculate the mate- 
rial momentum of electromagnetic waves in linear media, 
we conclude that the electromagnetic part of the momen- 
tum density must have the form £qE x B in order that 
we have momentum conservation in the various circum- 
stances that are discussed in this paper. 

In Sec. [TTl I calculate the material momentum density 
of an electromagnetic pulse in a homogeneous linear di- 
electric and magnetic medium. In Sec. IIII1 I calculate 
the momentum transfer to the medium near the interface 
on the partial reflection and transmission of an electro- 
magnetic pulse by the interface between two linear media 
and show the momentum conservation in the process. In 
Sec. IIV1 I show the compatibility of the present treat- 
ment with the experiments of Jones et al. 0, Q for the 
momentum transfer from an electromagnetic wave in a 
dielectric medium to a mirror upon reflection, show the 
momentum conservation in this process and generalize 
the treatment of Mansuripur [29[ for the radiation pres- 
sure on mirrors immersed in linear media for arbitrary 
kinds of mirrors and magnetic media. In Sec. [Vj I use 
my method to calculate the momentum transfer to an 
antireflection layer between two linear media on the pas- 
sage of an electromagnetic pulse and show the momen- 
tum conservation in the process. In Sec. I VII I show the 
compatibility of the proposed division of the momentum 
density with the Einstein's theory of relativity by the 
use of a gedanken experiment of the kind "Einstein box 
theories". Finally, in Sec. IVII1 I present my concluding 
remarks. 



II. MATERIAL MOMENTUM OF 
ELECTROMAGNETIC WAVES IN LINEAR 
DIELECTRIC AND MAGNETIC MEDIA 

The momentum transfer to a linear non-absorptive and 
non-dispersive dielectric medium due to the presence of 
an electromagnetic wave can be calculated directly using 
the Lorentz force [lj, [U, [HrHl]- Tne f° rce acting on 
electric dipoles can be written as 

F dip . = (p. V )E+^xB, (1) 

where p is the dipole moment. In a linear, isotropic and 
non-dispersive dielectric, the electric dipole moment den- 
sity can be written as P = Xc^oE, where Xe is the electric 
susceptibility of the medium. It is important to stress 
that the consideration of a non-dispersive linear medium 
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must be seen as an approximation, once every material 
medium is inevitably accompanied of dispersion. But if 
the electromagnetic wave has a narrow frequency spec- 
trum and the dispersion is small in this region of frequen- 
cies, this treatment will give the material contribution of 
the total momentum of the wave with a good precision. 
Using Eq. (TIJ, the Maxwell equations and some vecto- 
rial identities, the force density on this medium can be 
written as [14| 



fi and f3 from Eq. (|3]) can be written as 



Micl. 



Xc£0 



1 



-E' 



d_ 

dt 



(E x B) 



(2) 



In magnetized media, there is also a bound current 
V x M that is affected by the Lorentz force. So the force 
density in a linear non-dispersive dielectric and magnetic 
medium can be written as 



- Xo£o^ (E x B) + ^(V x M) x B 



Xc£oV ( -E' 



I will calculate the material momentum due to the ac- 
tion of the forces fi, i 2 and f3 separately. In a linear, 
isotropic and non-dispersive magnetic medium, we have 
M = XmH = Xm/[(1 + Xm)Mo]B, where Xm is the mag- 
netic susceptibility of the medium. 

In his treatment of the material part of the momen- 
tum of electromagnetic waves in magnetic materials [28[ , 
Mansuripur uses a specific model for a magnetic medium, 
obtaining a different equation for the bound currents in 
the medium. The form V x M is more general and agrees 
with his form in a homogeneous medium. As the inter- 
faces between different linear media will be treated here, 
the general form for the bound currents must be used. 
He also takes the vector product of the bound currents 
with /ioH instead of B to find the force density. I don't 
think this is adequate. For these reasons, I believe that 
the present treatment to find the material momentum of 
electromagnetic waves in magnetic media is more ade- 
quate than that of Mansuripur. 

Consider an electromagnetic plane wave propagating 
in z direction described by the following electric field: 



EiO,*) 



1 



dujE(uj)e 



i{ z—ujt) ■ 



(4) 



(n/c)|Ei|y, 



with E(-lj) = E*(uj) and B ; 

+ Xe) (1 + Xm) being the refraction index of the 
medium. The consideration of a plane wave pulse must 
also be seen as an approximation. We can consider a 
beam with a small angular spread, in which all wavevec- 
tors that compose it are very close to the z axis such that 
their z component are equal to their norm in a good ap- 
proximation. For the wave of Eq. (U), the force densities 



f _ Xm(l +Xe)gQ 9 

3 2 dt 



(E x B) 



(5) 
(6) 



Substituting these expressions for fi and f3, the mate- 
rial momentum density of an electromagnetic wave in 
a homogeneous linear non-dispersive and non-absorptive 
medium can be written as 



Pmat(*)= / di'f(0 = 
J — oo 



(Xe + Xm + XoXm) 



e E(f)xB(t). 
(7) 

It is important to stress that this material momentum 
density propagates with the pulse and disappears after 
its passage through the medium. In the remaining part 
of this work, it will be considered that the total momen- 
tum density of an electromagnetic wave in a homogeneous 
linear medium is given by the sum of the material mo- 
mentum density above and the electromagnetic momen- 
tum density £oE x B. By also calculating the permanent 
transfers of momentum to the media by the action of the 
Lorentz force in some situations, the momentum conser- 
vation in these processes and the consistency of the pro- 
posed division of the momentum density will be shown. 



III. REFLECTION AND TRANSMISSION OF 

AN ELECTROMAGNETIC PULSE BY THE 
INTERFACE BETWEEN TWO LINEAR MEDIA 

Consider the situation illustrated in Fig. [T] Initially 
we have a pulse of electromagnetic radiation in medium 
1, with electric susceptibility Xci, magnetic susceptibil- 
ity Xmi and refraction index n Y = + Xei)(l + Xmi), 
propagating in z direction towards the interface with 
medium 2, with electric and magnetic susceptibilities Xc2 
and x m2 and refraction index n 2 = \J {I + Xc2)(l + Xm2)- 
The interface is in the plane z = and the incidence 
is normal. Later, we will have a transmitted pulse in 
medium 2 and a reflected pulse in medium 1. It will 
be shown that the proposed division of the momentum 
density of the pulse in electromagnetic and material parts 
leads to the momentum conservation in the process. Rep- 
resenting the electric field of the incident pulse as in Eq. 
((4]), the electromagnetic part of its momentum can be 
written as 



d 3 re Ei x Bj = e / dx / dy 



+oo 



dw|£(w)| 2 z . 

_ J 

The integrals in x and y are, in principle, infinite. But a 
plane wave is always an approximation, so the amplitude 
E(uj) must decay for large x and y. I will not worry about 
that, only assume that the integral is finite. Integrating 
also the material momentum density of Eq. ([7]), we find 
that the total momentum of the incident (Pi), reflected 
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FIG. 1: (a) A pulse with total momentum Pi propagates 
in medium 1 with electric and magnetic susceptibilities Xei 
and Xmi towards the interface with medium 2 with electric 
and magnetic susceptibilities \ e 2 and Xm2- (b) The resultant 
reflected and transmitted pulses with total momentum P r and 



(P r ) and transmitted (Pt) pulses are 

Xcl + Xml + XclXml 



Pi = 1 



P , P r = -|»fPi 



Pt = W l 



Xe2 + Xm2 + Xe2Xm2 \ 
2 ) 



(9) 



where r and t are the reflection and transmission coeffi- 
cients, respectively. 

There is also a momentum transfer to medium 1 dur- 
ing reflection that does not propagate with the electro- 
magnetic pulse. We can observe in Eq. ((3]) that it is 
the total (incident plus reflected) field that generates the 
force density fi . As E 2 = Ef + E 2 + 2E ; • E r in medium 
1, we must consider the term f[ = Xei^oV (Ei • E r ). The 
momentum transfer due to this term is 

Pi = J dtjdxjdyj dzXci£o^(Ei-E r )z 



?"XciPo 



(10) 



with P given by Eq. flH). 

As Ej x B r + E r x B; = 0, the force density f 2 in Eq. © 
does not contribute to a permanent momentum transfer 
to the medium. The permanent momentum transfer from 
Eq. (flT)]) was not considered in the previous treatments of 
reflection of electromagnetic pulses by interfaces between 
two dielectrics [15|, [24J, |25| , so these works are compatible 
with momentum conservation only when the incidence 
medium is vacuum and P' : = 0. 

The force density f3 in Eq. © also contributes to a 
permanent transfer of momentum to medium 1. We can 
see that for the pulse of Eq. Q this force density can be 



written as 



Mo(l +Xm) 



2 



(11) 



Repeating the calculation of Eq. (fTU)) . remembering that 
B r = — rBj, we can see that this force density transfers 
a momentum P 3 to the medium 1 given by 



P' 3 =rXmi(l + Xci)Po 



(12) 



There is still another contribution to the momentum 
transfer to the interface due to the discontinuity of M 
in the interface. In an extent 5z much smaller than the 
wavelength of light around z = 0, f3 from Eq. ^ can be 
written as 



t3|a=0 — ~r~ 
oz 



Xm2 
1 + Xm2 " 



-B 2 - 



Xml 
1 + Xml " 



-Bi 



(-*) 
Mo 



x B 



where Bi = B;(l — r) is the magnetic field just 
before the interface, in medium 1, and B2 = 
[(1 + Xm2)/(1 + Xmi)]Bi is the magnetic field just after 
the interface, in medium 2. Integrating in this region 
of extent 8z and in x, y and t, we obtain the following 
momentum transfer to this interface: 



+00 



P4 = / dt Ax Ay Az f 3 

J-00 J J J-Sz/2 
(Xml"Xm2)(l+Xcl)(l-?-) 2 



+Sz/2 



(13) 



1 



1 + Xm2 



1 +Xml 



Using Eqs. (10]), (JT^J) and §T5$ and substituting 

the values of r and t (301 ] . 



t 



y/(l + Xcl)(l + Xm 2 ) ~ Vil + Xc 2 )(l + Xml) 
y/(l + Xcl)(l + Xm 2 ) + y/(l + Xc 2 )(l + Xml) 
2V(1+Xcl)(l+Xm 2 ) 



V/(1 + Xcl)(l + Xm 2 ) + y/(l + Xc 2 )(l + Xml) 

it can be shown that 

p r + p t + p; + p; 3 + p^ = Pi (14) 

The obtention of a correct momentum balance equa- 
tion shows the consistency of the proposed division of the 
momentum of the wave into material and electromagnetic 
parts. 



IV. RADIATION PRESSURE ON SUBMERGED 
MIRRORS 

In the second example, consider that we put a very 
good conductor in place of medium 2 in Fig. [T] that 
reflects an electromagnetic pulse described by Eq. (Q}. 
The momentum transfer to this mirror can be calculated 
using the Lorentz force that acts on the induced currents 
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in the mirror. The magnetic field inside the mirror (z > 
0) can be written as [30( 



27T J- 



+00 



do; 



2ni 



(1 + Xmi)c 



E{oj)e 



( — K-\-ik) z — icut ' 



where k and k are real functions of uj. This form for the 
magnetic field guarantees the continuity of H at the in- 
terface and decrease exponentially with z. Disregarding 
the small presence of the electric field inside the mirror 
that would generate absorption of electromagnetic en- 
ergy, the current density in the mirror can be written as 
Jmir = (l/Mo)V X B. So the momentum transfer to the 
mirror due to the reflection of the electromagnetic pulse 
is 

r r r + 00 r + 00 

Pmir = dx dy dz I dtJ mil x B mir (16) 

J J JO J-00 



dx dy du> 



2eo(l + X ^ - 2 ( K -ik) i 

(1+Xml) K 



We have \E(— = \E(lj)\, k(—uj) = k(uj) and k{— uj) = 
—k(uj), such that the integral in uj of the term that mul- 
tiplies {—ik) is zero. So the momentum transfer from the 
pulse to the mirror upon reflection is 



P — 2 
A mir n 



Xel 



1 



Xml 



(17) 



with P given by Eq. © . 

The same momentum transfer is obtained with the con- 
dition P mir = Pi-Pr-P^-P^-P^ using Eqs. (|9]). (jT0| . 
(TT2"j) and (fT3"f with r = — 1 and Xm2 = 0. On this way, 
we arrive at the same expression (|17j) for P m ir, showing 
again the consistency of the treatment. 

For non-dispersive linear media, the total energy den- 
sity of the wave can be written as utot = (1 + Xci)£o|E| 2 
So the energy of the incident pulse of Eq. (g]) is 



Ux = J d 3 r(l + X ci)£ E? 



(1 + Xel)c 



rii 



(18) 



The ratio between the modulus of the momentum 
transfer to the mirror (fP7|) and the incident energy (fT8|) 
is 2ni/[(l + Xmi)c], in accordance with the experiments 
of Jones et al. 2, 3]. In these experiments, the magnetic 
susceptibilities of the media were too small to affect the 
results, so the ratio is usually stated as 2n\jc. These ex- 
periments are frequently used to support the Minkowski 
formulation, but we can see that the present treatment 
also predicts the measured results. As this treatment 
is for non-dispersive media, it does not say whether the 
term cjri\ in this expression is the group velocity or the 
phase velocity of the wave in the medium. The experi- 
ments show that it is the phase velocity [3| • 

In a recent paper [29j . Mansuripur treated the prob- 
lem of radiation pressure on mirrors immersed in linear 
dielectric and non-magnetic media using a model of a 
medium with imaginary refraction index to describe the 



mirrors. He considered the case where the complex re- 
flection coefficient of the mirror is e** and calculated the 
Lorentz force on the electric currents of the mirror. In 
the present treatment of the problem of the reflection of 
an electromagnetic pulse by a non-magnetic mirror with 
this complex reflection coefficient immersed in a linear 
dielectric and magnetic medium, the momentum trans- 
fer to the mirror can be calculated using Eqs. ©, (|10l) . 



12]) and ([13)) as P 

— P i<t> 



P, P r - P' x - P^ 



P^ with 



and Xm2 = 0. Retaining terms up to the first 



power in Xmi, we obtain 



1 + (Xel ~ Xml ~ XclXml) SU1 ( - 



which is compatible with the result reported by 
Mansuripur when Xmi = and can be experimentally 
tested. As I rely only on the properties of the linear 
medium and no particular model to describe the mirror 
is adopted, this treatment is more general than that of 
Mansuripur. 



V. MOMENTUM TRANSFER TO AN 
ANTIREFLECTION LAYER 

In the next example, suppose that we have an antire- 
flection layer between media 1 and 2 consisted of a mate- 
rial with electric susceptibility x' c obeying (1 + x' c ) — 
v0~+ Xci)(l + Xc2), with magnetic susceptibility x'm 
obeying (1 + Xm) = V i 1 + Xmi)(l + Xm2) and thickness 
A'/4, A' being the wavelength of the central frequency of 
the pulse in this medium. If we have an almost monochro- 
matic incident pulse in medium 1 propagating towards 
the interface, it will be almost completely transmitted to 
medium 2. The initial and final situations are illustrated 
in Fig. [2j If the electric field of the incident pulse Ej is 
described by Eq. (01, the electric field of the transmitted 
one will be 31] 



(1 + Xel)(l+Xm2) 



1/4 



E 2 (;M) 



The total momentum of the incident pulse Pi and of 
the transmitted pulse P2 can be written as 



(1+Xc2)(l+Xml). 
1 r+00 

:-= / duoE{uj)e i y-^ z - ut )± . (19) 



Pi 
P 2 



1 



Xel + Xml + XclXml 



(1+Xcl)(l+Xm 2 )l 1/2 



(l+Xo 2 )(l+Xml) 
x |J 1 Xc2 + Xm2 + Xo2Xm2 



(20) 



(21) 



with Po given by Eq. ([8]). Since the momentum of the 
initial and final pulses are different, there must be a mo- 
mentum transfer to the antireflection layer in order that 
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FIG. 2: (a) A pulse with total momentum Pi propagates in 
medium 1 with electric and magnetic susceptibilities Xel and 
Xml towards medium 2 with electric and magnetic suscepti- 
bilities Xo2 and Xm2- There is an antireflection coating layer 
between media 1 and 2 consisted of a material with electric 
and magnetic susceptibilities x'e and Xm such that (1 + Xc) = 

V(l + Xel)(l + Xe2) and (1 + Xm) = V(l + Xml)(l + Xm2). 

The thickness of the layer is A'/4, A' being the wavelength of 
the central frequency of the pulse in this medium. Despite 
the figure, it is assumed that the pulse is much larger than 
the layer, (b) The pulse was totally transmitted to medium 
2 and has total momentum P2. 



we have momentum conservation. Now I will show that 
the use of the force density of Eq. ((3j) acting in the antire- 
flection layer guarantees momentum conservation in the 
process. Let us call E' and B' the electric and magnetic 
fields in the region of the layer. The boundary conditions 
impose 



E |a— = 
B'U=o 



Ei| z= o , 
Bi| z=0 



E 'U=A'/4 — E 2|z=A'/4 1 
B |z=A'/4 _ B 2 | 2= A'/4 



1 



Xn 



1 



Xml 



i + x' n 



1 



Xm2 



.(22) 



Writing {3 from Eq. © as in Eq. (jTTj) and integrating 
the force density f on time and in the volume of the layer, 
we obtain the momentum transfer to the layer: 



A'/4 




dtf 



(23) 



(1+Xcl)(l+Xm 2 ) 
(1+Xc 2 )(l+Xml) 



We must also consider the momentum transfers to the 
interfaces between the layer and the mediums 1 and 2 due 
the discontinuities of the magnetization M. Calling P^' 
the momentum transfer in z = and P" the momentum 
transfer in z = A'/4 and repeating the treatment of Sec. 



IIII1 we obtain 

p /, (Xml ~ Xm)( 2 + Xml + XmX 1 + Xel) 

b 2(1+ Xml) 

)( 2 + Xm + Xma)(l + X02) 



p" = 



2(1 + Xm 2 ) 




(1 + Xcl)(l + Xm 2 ) ] 
Xo2)(l +Xml)" 



Po,(24) 



(25) 



The total momentum transfer to the antireflection 
layer due to the passage of the pulse is P" = P" + P^' + 
PJ.'. Using Eqs. (ST), (gSJ, and ([23, we can 

see that 



Pi 



(26) 



and momentum is conserved in the process. Again, we 
see the consistency of the proposed division of the mo- 
mentum of the wave. 



VI. EINSTEIN BOX THEORIES 

As a last example, we can see whether the present 
treatment agrees with Einstein's theory of relativity test- 
ing a gedanken experiment of the kind "Einstein box 
theories" in which a single photon in free space with 
energy fku and momentum Po = (huj/c)z is transmit- 
ted through a transparent slab with electric and mag- 
n etic susceptibilities Xe2 and Xm2, refraction index 722 = 
+ Xc2)(l + XmaJ) length L, mass M and antireflec- 
tion layers in both sides. Due to propagation in the 
medium, the photon suffers a spacial delay (n 2 — 1)L 
in relation to propagation in vacuum. According to the 
theory of relativity, the velocity of the center of mass- 
energy of the system must not change due to the passage 
of the photon through the slab so the slab must suffer a 
displacement Az such that 043] 



Mc 2 Az = huj{n 2 - 1)L 



(27) 



The use of the Abraham momentum density as the elec- 
tromagnetic part of the total momentum density gives 
directly the correct displacement of the slab, so this 
gedanken experiment is frequently used to support the 
Abraham formulation. Now I will show that the present 
treatment also gives the correct displacement in a direct 
way. The mechanical momentum of the slab P s iab during 
the passage of the photon has 2 contributions. The first 
is the momentum transferred to the first antireflection 
layer. The second is the material part of the momentum 
of the photon in the slab. Using Eqs. ©, ([2l]>. fl2"3"l) . ([M]) 
and (|25p with Xmi = Xel = 0, we find that the total 
momentum of the slab is 



n% — 1 



slab 



Xm2 tlLJ _ 

z 



"2 



(28) 



After the passage of the pulse, the momentum of the 
slab comes back to zero. Part of this momentum is in 
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the form of hidden momentum [13|, |32j, |33[ , a relativistic 
effect that is not associated with the movement of the 
slab. A magnetic dipole m in an uniform electric field 
Eo has a hidden momentum m x Eo. So the density 
of hidden momentum of an electromagnetic wave in a 
linear medium is given by M x E. Integrating this density 
in volume, the total hidden momentum of the pulse in 
the slab is given by Phid = — Xm2ftw/(^2c)z. To find 
the velocity of the slab, we must subtract the hidden 
momentum from its total momentum and divide by its 
mass. As the pulse takes a time n 2 L/c to pass through 
the slab, the displacement of the slab is 

^ _ |P s iab - Phid | n 2 L _ hhj(n 2 - 1)L 
Z ~ M c Mc 2 

in agreement with Eq. (|27|) . One more time we see the 
consistency of the proposed division of the momentum of 
the wave into electromagnetic and material parts. 

VII. CONCLUSIONS 

In summary, it was shown that the momentum density 
of electromagnetic waves in linear non-absorptive and 



non-dispersive dielectric and magnetic media can be nat- 
urally and consistently divided into an electromagnetic 
part eoE x B, which has the same form independently of 
the medium, and a material part that can be obtained 
directly using the Lorentz force. This division was shown 
to be consistent with momentum conservation in various 
circumstances and with the "Einstein box theories". I 
believe that it may be possible to extend this division to 
all kinds of media. 

I also calculated permanent transfers of momentum to 
the media due to the passage of electroma gnet ic pulses 
that were missing in previous treatments |l5l . l24l . [25| . 
showed the compatibility of the division with the experi- 
ments of Jones et al. 0,13] and generalized the treatment 
of radiation pressure on submerged mirrors [29| . which 
can be submitted to experimental verification. 
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